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Chapter 0

What Is a Trace Formula?

This book is concerned with the concept trace formulas with a focus on trace formulas of
automorphic forms on SL2(Z). In general a trace formula is a formula where the trace of some
operator is computed in two different ways leading to an equality. We call these the spectral
side and geometric side of the trace formula.

This chapter establishes the elementary identities and conventions that underlie that
comparison. Section 0.1 treats matrix traces. Section 0.2 passes from orthonormal eigenfunctions
to an integral kernel, derives the diagonal trace identity, and extends it to a general matrix.
Section 0.3 distinguishes the trace of a kernel from a relative pairing and a weighted diagonal
integral.

0.1 Finite matrices and two descriptions of a trace
We begin with the simplest example of a trace formula. Consider the complex matrix

A =
(

2 1
1 2

)
.

We compute its trace in two ways. The first is by adding its diagonal entries to get 4. We
regard this coordinate expression as the geometric side of this elementary trace formula: a
choice of basis expresses the linear transformation as a matrix, whose diagonal entries we sum.

The second way is to add up the eigenvalues. The vectors (1, 1)T and (1, −1)T are eigenvectors
with eigenvalues 3 and 1, so the eigenvalues also add to 4. This is the spectral side. Thus, the
trace formula in this example is simply 4 = 4.

The goal of this section is to turn this example into the following theorem from a first course
in linear algebra.

Theorem 0.1.1 (Trace as a sum of eigenvalues). Let A = (aij) ∈ Mn(C), where n ≥ 0. List
the roots λ1, . . . , λn of its characteristic polynomial det(tIn − A), repeating each root according
to its multiplicity. Then

n∑
i=1

aii =
n∑

j=1
λj .

For n = 0, both sums are empty and equal to zero.

2



CHAPTER 0. WHAT IS A TRACE FORMULA? 3

The multiplicity in this statement is algebraic multiplicity: the multiplicity as a polyno-
mial root. It is not the dimension of the corresponding eigenspace. A complex number λ is
such a root exactly when λIn − A is singular, equivalently when there exists a nonzero vector v
with Av = λv.

We will prove the theorem after developing the basic properties of the trace.

Definition 0.1.2 (Trace). For an n × n matrix A = (aij), define

tr(A) =
n∑

i=1
aii.

For n = 0 this is the empty sum, equal to zero.

The definition immediately gives the following properties, for A, B ∈ Mn(C) and c ∈ C:

• tr(A + B) = tr(A) + tr(B)

• tr(cA) = c tr(A)

• tr(In) = n

While matrix multiplication is not commutative, reversing the order of two compatible
factors leaves the trace unchanged. The two products need not even have the same size.

Example 0.1.3 (Rectangular matrices). Let A = (1 2) and B = (3 4)T. Then AB = (11) and

BA =
(

3 6
4 8

)
.

The traces are 11 and 3 + 8 = 11, although the matrices have different dimensions.

This equality holds for every pair of compatible rectangular matrices.

Proposition 0.1.4 (Cyclicity for two factors). Let A be an m × n complex matrix and B an
n × m complex matrix, where m, n ≥ 0. Then

tr(AB) = tr(BA).

Proof. By the definition of matrix multiplication,

tr(AB) =
m∑

i=1

n∑
j=1

aijbji

=
n∑

j=1

m∑
i=1

bjiaij = tr(BA).

The middle equality interchanges two finite sums and commutes two complex numbers.

We can now prove that the trace does not depend on the basis chosen to represent a linear
transformation. A change of basis changes its matrix by conjugation, and cyclicity shows that
this leaves the trace unchanged.
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Corollary 0.1.5 (Invariance under a change of basis). For A ∈ Mn(C) and invertible S ∈
Mn(C),

tr(S−1AS) = tr(A).

Proof. Apply cyclicity to the two factors S−1A and S. Associativity and SS−1 = In give

tr((S−1A)S) = tr(S(S−1A)) = tr(A).

Definition 0.1.6 (Trace of an endomorphism). If T is a linear map from a finite-dimensional
complex vector space to itself, its matrices in two bases are related by this change of basis. We
can therefore define tr(T ) using any basis: the answer is independent of that choice.

We return to the trace–eigenvalue theorem stated at the beginning. In the notation just
introduced, it says tr(A) = ∑n

j=1 λj .

Proof of the trace–eigenvalue theorem. The case n = 0 says 0 = 0. Assume n ≥ 1. We compute
the coefficient of tn−1 in the characteristic polynomial in two ways.

In the determinant expansion, the identity permutation contributes
n∏

i=1
(t − aii),

whose tn−1 coefficient is −
∑

i aii. Every nonidentity permutation moves at least two indices.
At each moved index its determinant factor is an off-diagonal entry of tIn − A, which is
independent of t. Such a term has degree at most n − 2 and contributes nothing to the
coefficient in question. For n = 1 there are no nonidentity permutations. Thus the coefficient is
− tr(A).

By the fundamental theorem of algebra and monicity,

det(tIn − A) =
n∏

j=1
(t − λj).

The coefficient of tn−1 in this product is −
∑

j λj . Equating the two coefficients proves the
theorem.

For a diagonalizable matrix, the theorem also follows from change-of-basis invariance: choose
a basis of eigenvectors, so that the diagonal entries are the eigenvalues. The strength of the
coefficient proof is that it applies even when the matrix is not diagonalizable. It counts roots of
the characteristic polynomial with their algebraic multiplicities, even when there are too few
independent eigenvectors to form a basis. The following example illustrates this distinction.

Example 0.1.7 (A non-diagonalizable matrix). Take

J =
(

2 1
0 2

)
.

Its characteristic polynomial is (t−2)2, while (J −2I2)(x, y) = (y, 0). Its eigenspace consists
of (x, 0) and is only one-dimensional. Nevertheless the theorem gives tr(J) = 2 + 2 = 4.
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0.2 Finite-rank kernels and diagonal integration
The spectral side of a trace formula records how an operator acts on eigenfunctions. In a
finite-dimensional setting, the passage from this spectral description to a kernel follows three
steps:

1. Choose an orthonormal basis of eigenfunctions for a finite-dimensional invariant subspace.

2. Take inner products with those eigenfunctions to extract coefficients and write the action
of the operator.

3. Express that action through an integral kernel, then integrate the kernel along the diagonal
to recover the trace.

We carry out this procedure for a finite family of eigenfunctions. We then recover the more
general matrix construction, which also applies when an orthonormal eigenbasis is unavailable.

Let (X, µ) be a sigma-finite measure space and put H = L2(X, µ;C), with inner product
and norm

⟨f, g⟩L2(X,µ) =
∫

X
f(x)g(x) dµ(x),

∥f∥L2(X,µ) =
(∫

X
|f(x)|2 dµ(x)

)1/2
.

Fix an orthonormal family u1, . . . , uN , choose measurable representatives, and let V be its
span. Suppose T : H → H is linear, satisfies Tuj = λjuj with λj ∈ C, and vanishes on V ⊥.
Thus the uj form an orthonormal eigenbasis of V ; they need not span all of H.

To determine Tf , we first extract the part of f lying in V .

Proposition 0.2.1 (Coefficients in an orthonormal family). Every f ∈ H has a unique
decomposition

f =
N∑

j=1
⟨f, uj⟩L2(X,µ)uj + r, r ∈ V ⊥.

Consequently,

Tf =
N∑

j=1
λj⟨f, uj⟩L2(X,µ)uj .

Proof. Subtract the displayed finite sum from f to define r. For each k, linearity in the first
argument and orthonormality give

⟨r, uk⟩L2(X,µ) = ⟨f, uk⟩L2(X,µ) −
N∑

j=1
⟨f, uj⟩L2(X,µ)⟨uj , uk⟩L2(X,µ)

= 0.

It follows that r is orthogonal to every vector in V . Any decomposition of f as a linear
combination of the uj plus a vector in V ⊥ has these same coefficients, as taking the inner
product with uk shows. This proves uniqueness. Applying T , using Tr = 0 and Tuj = λjuj ,
proves the operator formula.
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Cauchy–Schwarz gives |⟨f, uj⟩L2(X,µ)| ≤ ∥f∥L2(X,µ). Hence the coefficient formula implies

∥Tf∥L2(X,µ) ≤

 N∑
j=1

|λj |

 ∥f∥L2(X,µ).

In particular, T is bounded and has image in V .
We now substitute the integral defining each coefficient into the operator formula. The

finite sum can be brought inside the integral, suggesting the following kernel.

Definition 0.2.2 (Kernel from an orthonormal eigenbasis). Using the chosen representatives
of the uj , define

KT (x, y) =
N∑

j=1
λjuj(x)uj(y).

For f ∈ H, Cauchy–Schwarz gives∫
X

|uj(y)f(y)| dµ(y) ≤ ∥uj∥L2(X,µ)∥f∥L2(X,µ) = ∥f∥L2(X,µ).

Each term is therefore integrable in y, and termwise integration yields∫
X

KT (x, y)f(y) dµ(y) =
N∑

j=1
λjuj(x)

∫
X

f(y)uj(y) dµ(y)

= (Tf)(x)

for almost every x. This identifies KT as an integral kernel for T .
To compare its diagonal integral with a trace, we extend the finite-dimensional definition

from Section 0.1 to the operators used here.

Definition 0.2.3 (Finite-rank trace). If a linear operator S : H → H has image in a finite-
dimensional subspace W and vanishes on W ⊥, define

tr(S) = tr(S|W ).

Well-definedness. The definition uses an auxiliary choice of W , so we must show that the
resulting number depends only on S. For a fixed W , the restriction S|W is an endomorphism
because S(H) ⊆ W , and its trace is independent of the basis by Corollary 0.1.5.

Now let W and W ′ be two possible choices in the definition: each is finite-dimensional, each
contains the image of S, and S vanishes on each one’s orthogonal complement. We must prove

tr(S|W ) = tr(S|W ′).

The spaces need not contain one another. To compare them, put U = W + W ′, a finite-
dimensional space containing both. Since W ⊆ U , we have the orthogonal decomposition

U = W ⊕ (U ∩ W ⊥).

The operator maps W into itself and is zero on the second summand. Thus a basis adapted to
this decomposition gives the matrix (

B 0
0 0

)
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for S|U , where B is a matrix of S|W . Adding the zero block does not change the sum of the
diagonal entries, so tr(S|U ) = tr(S|W ). Applying the same argument to U = W ′ ⊕ (U ∩ (W ′)⊥)
gives

tr(S|W ) = tr(S|U ) = tr(S|W ′).

Consequently the definition of tr(S) is independent of the choice of W .

For the operator T , its matrix on V in the basis u1, . . . , uN is diag(λ1, . . . , λN ). Thus its
trace is ∑j λj . On the kernel side,

KT (x, x) =
N∑

j=1
λj |uj(x)|2.

Each summand is integrable, and the normalization ∥uj∥L2(X,µ) = 1 gives

∫
X

KT (x, x) dµ(x) =
N∑

j=1
λj

∫
X

|uj(x)|2 dµ(x) =
N∑

j=1
λj = tr(T ).

This is the trace formula produced by the three steps: the diagonal integral is the kernel
expression, and the sum of eigenvalues is the spectral expression.

Example 0.2.4 (A rank-one kernel). On [0, 1] with Lebesgue measure dx, take u(x) =
√

3 x.
Since

∥u∥2
L2([0,1],dx) = 3

∫ 1

0
x2 dx = 1,

for any α ∈ C we may prescribe Tu = αu and let T vanish on u⊥. The coefficient formula gives

KT (x, y) = 3αxy, (Tf)(x) = 3αx

∫ 1

0
yf(y) dy.

The two trace calculations agree:∫ 1

0
KT (x, x) dx = 3α

∫ 1

0
x2 dx = α = tr(T ).

The eigenbasis calculation has a general matrix form. Retain the orthonormal family and
its span V , and now allow an arbitrary matrix A ∈ MN (C) to describe the action on V .

Definition 0.2.5 (Finite kernel and associated operator). For A = (aij) ∈ MN (C), define

TAf =
N∑

i,j=1
aij⟨f, uj⟩L2(X,µ)ui,

KA(x, y) =
N∑

i,j=1
aijui(x)uj(y).

The same Cauchy–Schwarz estimate makes each integral against uj(y)f(y) absolutely
convergent, so

(TAf)(x) =
∫

X
KA(x, y)f(y) dµ(y)
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for almost every x. Moreover,

∥TAf∥L2(X,µ) ≤

∑
i,j

|aij |

 ∥f∥L2(X,µ).

Thus TA is bounded, has image in V , and vanishes on V ⊥. Since TAuj = ∑
i aijui, its restriction

to V has matrix A, and tr(TA) = tr(A). The diagonal choice A = diag(λ1, . . . , λN ) recovers T
and KT .

For a finite set X = {1, . . . , N} with counting measure and the point indicators as basis,
KA(i, j) = aij . The kernel formula then reduces to matrix multiplication. In general, its two
variables play the roles of the output and input indices.

Proposition 0.2.6 (Finite-rank trace identity). The specified diagonal x 7→ KA(x, x) is
integrable. If ν1, . . . , νN are the eigenvalues of A, counted with algebraic multiplicity, then

∫
X

KA(x, x) dµ(x) = tr(TA) =
N∑

j=1
νj .

Proof. For every i, j, ∫
X

|ui(x)uj(x)| dµ(x) ≤ ∥ui∥L2(X,µ)∥uj∥L2(X,µ) = 1.

The diagonal is therefore a finite sum of integrable functions. Orthonormality gives∫
X

KA(x, x) dµ(x) =
∑
i,j

aij⟨ui, uj⟩L2(X,µ) =
∑

i

aii = tr(A).

The matrix of TA|V is A, and the trace–eigenvalue identity supplies the last equality.

The numbers νj are eigenvalues of the restriction TA|V . No diagonalizability assumption is
needed, and the chosen orthonormal family need not consist of eigenfunctions of TA. Taking
A = IN gives orthogonal projection onto V , whose trace is N . The general matrix form will be
used for the relative pairings and weighted traces in Section 0.3.
Remark 0.2.7 (The diagonal specified by the kernel formula). The trace identity uses the kernel
constructed from the chosen representatives of the uj :

KA(x, y) =
N∑

i,j=1
aijui(x)uj(y).

We may change each uj arbitrarily on a µ-null set Ej , provided the new function ũj is measurable.
Rebuilding the kernel from these new representatives gives

K̃A(x, y) =
N∑

i,j=1
aij ũi(x)ũj(y).

Put E = ⋃N
j=1 Ej , which is again µ-null. The kernels KA and K̃A agree outside

(E × X) ∪ (X × E),
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a null set for the product measure µ ⊗ µ on X × X. Moreover, K̃A(x, x) = KA(x, x) whenever
x /∈ E, so their diagonal integrals agree. Thus changing the representatives of the uj changes
the kernel only on a product-null set, and changes its diagonal only on a µ-null set.

We cannot make an arbitrary measurable change to KA on a (µ ⊗ µ)-null set and still assert
the diagonal trace identity. Such a change preserves the integral operator almost everywhere,
but a product-null set can contain the entire diagonal. For example, the zero function and the
indicator of {(x, y) : x = y} agree almost everywhere on [0, 1]2 for two-dimensional Lebesgue
measure. Both define the zero integral operator, but their diagonal integrals are respectively
zero and one. The kernel supplied by our finite formula for the zero operator is the zero
function. Replacing it by the diagonal indicator preserves the operator but abandons the
formula that specifies its diagonal. The distinction is therefore between changes induced by
choosing representatives of the uj in the finite formula, which preserve the diagonal integral,
and arbitrary product-null changes to the kernel, which need not.

0.3 Ordinary traces, relative pairings, and weights
Retain the measure space (X, µ), the orthonormal family u1, . . . , uN , its span V , and the kernel
KA from Section 0.2. There are three distinct operations: integrate the diagonal, integrate
against separate functions in the two variables, or weight the diagonal before integrating. Each
is linear in KA.

Definition 0.3.1 (Ordinary diagonal trace). The ordinary diagonal trace is

T (KA) =
∫

X
KA(x, x) dµ(x).

The finite-rank trace identity gives T (KA) = tr(A). If A = diag(λ1, . . . , λN ), this is ∑j λj .
We now consider a relative pairing, which measures the operator against a chosen input and

a chosen output test. Choose a function q ∈ H and apply TA to it. We can then test the output
against another function p ∈ H by taking ⟨TAq, p⟩L2(X,µ). In the kernel integral, q(y) specifies
the input and p(x) tests the output. When A is diagonal, each eigenvalue is accompanied by
two coefficients: one measuring the component of q along its eigenfunction, and one measuring
that eigenfunction against p. This leads to the following definition.

Definition 0.3.2 (Periods and relative pairings). For u, p ∈ H = L2(X, µ;C), write

Pp(u) = ⟨u, p⟩L2(X,µ) =
∫

X
u(x)p(x) dµ(x).

Given p, q ∈ H, define

Rp,q(KA) =
∫

X

∫
X

KA(x, y)q(y)p(x) dµ(y) dµ(x).

The pairing is called relative here because it depends on the two chosen test functions p
and q. We use the same kernel KA, integrated against these functions in its two variables. The
functional Pp is an elementary model of a period: it integrates u against a fixed function.

Proposition 0.3.3 (Relative kernel identity). The integral is absolutely convergent and satisfies

Rp,q(KA) = ⟨TAq, p⟩L2(X,µ) =
∑
i,j

aijPp(ui)Pq(uj).
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Proof. The finite kernel formula separates the dependence on x and y:

KA(x, y)q(y)p(x) =
N∑

i,j=1
aij
(
ui(x)p(x)

)(
q(y)uj(y)

)
.

We first check absolute convergence, so that we can integrate these summands separately.
For each i, Cauchy–Schwarz gives∫

X
|ui(x)p(x)| dµ(x) ≤ ∥ui∥L2(X,µ)∥p∥L2(X,µ)

= ∥p∥L2(X,µ).

The last equality uses ∥ui∥L2(X,µ) = 1, since the family is orthonormal. Similarly,∫
X

|q(y)uj(y)| dµ(y) ≤ ∥q∥L2(X,µ).

Thus the two factors in each summand are integrable in their respective variables. Tonelli’s
theorem applies to their nonnegative absolute values and gives∫

X

∫
X

|ui(x)p(x)| |q(y)uj(y)| dµ(y) dµ(x)

=
(∫

X
|ui(x)p(x)| dµ(x)

)(∫
X

|q(y)uj(y)| dµ(y)
)

≤ ∥p∥L2(X,µ)∥q∥L2(X,µ).

Multiplying by |aij |, summing over the finitely many pairs (i, j), and applying the triangle
inequality now yields ∫

X

∫
X

|KA(x, y)q(y)p(x)| dµ(y) dµ(x)

≤

 N∑
i,j=1

|aij |

 ∥p∥L2(X,µ)∥q∥L2(X,µ) < ∞.

This proves the asserted absolute convergence.
We can now evaluate the integral. For fixed x, the factor ui(x)p(x) is constant with respect

to y, so it comes outside the inner integral. The remaining y-integral is a scalar independent of
x. Fubini’s theorem and linearity of integration therefore give

Rp,q(KA) =
N∑

i,j=1
aij

(∫
X

ui(x)p(x) dµ(x)
)(∫

X
q(y)uj(y) dµ(y)

)
.

The first integral is Pp(ui) by definition. For the second, conjugation commutes with the
integral of an integrable complex-valued function, so∫

X
q(y)uj(y) dµ(y) =

∫
X

uj(y)q(y) dµ(y)

= Pq(uj).
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This explains the conjugate on the second period and proves

Rp,q(KA) =
N∑

i,j=1
aijPp(ui)Pq(uj).

Finally, the kernel representation of TA established in Section 0.2 says that

(TAq)(x) =
∫

X
KA(x, y)q(y) dµ(y)

for almost every x. Substituting this into the defining integral for the relative pairing gives

Rp,q(KA) =
∫

X
(TAq)(x)p(x) dµ(x)

= ⟨TAq, p⟩L2(X,µ).

The almost-everywhere equality suffices because changing an integrable function on a µ-null set
does not change its integral. This establishes the remaining equality.

Corollary 0.3.4 (Relative pairing in an eigenbasis). If A = diag(λ1, . . . , λN ), then for every
p, q ∈ H,

Rp,q(KA) =
N∑

j=1
λjPp(uj)Pq(uj).

Proof. In the relative kernel identity, aij = 0 when i ≠ j and ajj = λj . Only the terms with
i = j remain, giving the stated sum.

Thus separate measurements of the eigenfunctions remain in the formula.
We now insert a function w(x) to weight the diagonal contribution at each point before

integrating.

Definition 0.3.5 (Weighted diagonal integral). Let w ∈ L∞(X, µ;C), let Mwf = wf , and let
P be orthogonal projection onto V . Define

Ww(KA) =
∫

X
w(x)KA(x, x) dµ(x).

Essential boundedness of w and integrability of the specified diagonal make this integral
absolutely convergent.

Proposition 0.3.6 (Weighted kernel identity). For the endomorphism Sw = PMwTA|V ,

Ww(KA) = tr(Sw) =
∑
i,j

aij

∫
X

w(x)ui(x)uj(x) dµ(x).

Proof. We first explain why Sw is an endomorphism of V . Essential boundedness means that
|w(x)| ≤ ∥w∥L∞(X,µ) for almost every x. Consequently, for every f ∈ H,

∥wf∥L2(X,µ) ≤ ∥w∥L∞(X,µ)∥f∥L2(X,µ),
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so multiplication by w maps H to H. For v ∈ V , we can therefore form wTAv ∈ H and project
it onto V . This gives the linear map

Swv = P (wTAv) ∈ V.

The projection ensures that the output lies in V , even if multiplication by w takes it outside V .
We next explain why the projection can be removed when computing a diagonal entry. For

any h ∈ H, the definition of orthogonal projection gives h − Ph ∈ V ⊥. Since uj ∈ V , it follows
that

⟨Ph, uj⟩L2(X,µ) = ⟨h, uj⟩L2(X,µ) − ⟨h − Ph, uj⟩L2(X,µ)

= ⟨h, uj⟩L2(X,µ).

In the orthonormal basis u1, . . . , uN , the j-th diagonal entry of Sw is the coefficient of uj in
Swuj , namely ⟨Swuj , uj⟩L2(X,µ). Also, TA|V has matrix A, so TAuj = ∑N

i=1 aijui. Applying the
preceding projection identity with h = wTAuj gives

⟨Swuj , uj⟩L2(X,µ) = ⟨wTAuj , uj⟩L2(X,µ)

=
N∑

i=1
aij⟨wui, uj⟩L2(X,µ)

=
N∑

i=1
aij

∫
X

w(x)ui(x)uj(x) dµ(x).

The coefficients aij come outside unchanged because the inner product is linear in its first
argument. Summing these diagonal entries gives

tr(Sw) =
N∑

i,j=1
aij

∫
X

w(x)ui(x)uj(x) dµ(x).

Finally, we obtain the same sum from the weighted kernel. Each term is integrable: essential
boundedness and Cauchy–Schwarz give∫

X
|w(x)ui(x)uj(x)| dµ(x) ≤ ∥w∥L∞(X,µ)∥ui∥L2(X,µ)∥uj∥L2(X,µ)

= ∥w∥L∞(X,µ),

where both basis functions have norm 1. We may therefore integrate the finite diagonal formula
term by term:

Ww(KA) =
∫

X
w(x)

N∑
i,j=1

aijui(x)uj(x) dµ(x)

=
N∑

i,j=1
aij

∫
X

w(x)ui(x)uj(x) dµ(x)

= tr(Sw).
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Corollary 0.3.7 (Weighted diagonal in an eigenbasis). If A = diag(λ1, . . . , λN ) and w ∈
L∞(X, µ;C), then

Ww(KA) =
N∑

j=1
λj

∫
X

w(x)|uj(x)|2 dµ(x).

Proof. In the weighted kernel identity, all terms with i ̸= j vanish. For i = j, substitute
ajj = λj and uj(x)uj(x) = |uj(x)|2.

Example 0.3.8 (Three measurements of the same kernels). Let X = {1, 2} with counting
measure µ, and take the indicator basis u1 = 1{1}, u2 = 1{2} of H = L2(X, µ;C). Then V = H.
Consider the matrices

A =
(

1 0
0 2

)
, B =

(
1 1
1 2

)
.

These define kernels KA(r, s) = ars and KB(r, s) = brs. All integrals in this example are sums
over the indicated points.

Ordinary trace. Integrating the diagonal gives

T (KA) = KA(1, 1) + KA(2, 2) = 1 + 2 = 3,

and likewise T (KB) = 3. This calculation uses the two diagonal entries and agrees with the
matrix trace.

Relative pairing. Choose p = u1 and q = u2. These choices give

Pp(u1) = 1, Pp(u2) = 0, Pq(u1) = 0, Pq(u2) = 1.

The relative kernel identity therefore selects the entry in row one and column two:

Ru1,u2(KA) = a12 = 0, Ru1,u2(KB) = b12 = 1.

Directly in the kernel integral, q(y) restricts the input variable to y = 2 and p(x) restricts the
output variable to x = 1. In operator terms,

TAu2 = (0, 2)T, TBu2 = (1, 2)T,

and pairing with u1 extracts the first coordinate. Thus this relative pairing distinguishes the
two kernels even though their ordinary traces agree.

Weighted diagonal. Write w1 = w(1) and w2 = w(2) for an arbitrary complex weight.
Then

Ww(KA) = w1KA(1, 1) + w2KA(2, 2) = w1 + 2w2,

and the same calculation gives Ww(KB) = w1 + 2w2. Since V = H, the projection P is the
identity. Multiplication by w has matrix Dw = diag(w1, w2), so the two weighted endomorphisms
have matrices

DwA =
(

w1 0
0 2w2

)
, DwB =

(
w1 w1
w2 2w2

)
.

Their traces are exactly the weighted diagonal integrals above. For w = 1{1}, both integrals
equal 1; for w = 1{2}, both equal 2; and w = 1 recovers the ordinary trace 3. These weights
distinguish the contributions of the two points, but no diagonal weight distinguishes KA from
KB. Their difference lies in the off-diagonal entries detected by the chosen relative pairing.
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Appendix I

Notational Index

This index collects the notation used in Chapter 0, grouped by mathematical context. The links
in the final column lead to the relevant definition or convention. Local meanings are recorded
separately when the same letter serves different purposes.

Matrices and traces

Symbol Meaning and convention See
A = (aij) Complex matrix, with entry aij in row i, column j. 0.1
AT Transpose: (AT)ij = aji; entries are not conjugated. A

transposed row vector is a column vector.
0.1

In Identity matrix of size n; its trace is n. 0.1
Mn(C) Complex n × n matrices. 0.1
det(tIn − A) Characteristic polynomial of A. 0.1
λj Eigenvalues, repeated according to algebraic multiplic-

ity.
0.1

tr(A) Sum of the diagonal entries; the empty sum is zero. 0.1
tr(T ) Trace of a finite-dimensional endomorphism, computed

in any basis.
0.1

Function spaces and finite kernels

Symbol Meaning and convention See
(X, µ) Sigma-finite measure space in the kernel model. 0.2
H, L2(X, µ;C) Complex square-integrable functions, identified when

equal almost everywhere.
0.2

⟨f, g⟩L2(X,µ) Inner product
∫

X fg dµ on the complex space H, linear
in the first argument.

0.2

∥f∥L2(X,µ) Norm ⟨f, f⟩1/2
L2(X,µ) on H; both space and measure ap-

pear in the subscript.
0.2

u1, . . . , uN Fixed orthonormal family with chosen measurable rep-
resentatives; N = 0 is allowed.

0.2
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V , V ⊥ Span of the family and its orthogonal complement in
H.

0.2

T , λj Operator with Tuj = λjuj and T |V ⊥ = 0 in the eigen-
basis model.

0.2

KT (x, y) Spectral kernel ∑j λjuj(x)uj(y) from the chosen or-
thonormal eigenfunctions.

0.2

νj Eigenvalues of the general matrix A, counted with alge-
braic multiplicity; the uj need not be eigenfunctions.

0.2

KA(x, y) Finite kernel ∑i,j aijui(x)uj(y); the output variable
comes first.

0.2

TA Operator with kernel KA; it acts as A on V and vanishes
on V ⊥.

0.2

tr(TA) Trace of the restriction TA|V ; likewise tr(T ) = tr(T |V )
in the eigenbasis model.

0.2

KA(x, x) Diagonal supplied by the finite kernel formula, inde-
pendent µ-almost everywhere of the uj representatives.
Arbitrary (µ ⊗ µ)-null changes to a kernel need not
preserve its diagonal integral.

0.2

Ordinary traces and relative pairings

Symbol Meaning and convention See
T (KA) Ordinary diagonal integral

∫
X KA(x, x) dµ(x) = tr(A). 0.3

Pp(u) Test integral ⟨u, p⟩L2(X,µ), linear in u ∈ H for fixed
p ∈ H; an elementary model of a period.

0.3

Rp,q(KA) Relative pairing ⟨TAq, p⟩L2(X,µ), with input q ∈ H and
output tested against p ∈ H.

0.3

1{r} Indicator of the point r in the two-point counting-
measure example; equals 1 at r and 0 at the other
point.

0.3

Weights and multiplication operators

Symbol Meaning and convention See
L∞(X, µ;C) Essentially bounded complex functions, identified when

equal almost everywhere.
0.3

w, Mw A weight w ∈ L∞ and its multiplication operator
Mwf = wf .

0.3

P Orthogonal projection onto V ; distinct from the scalar
period Pp.

0.3

Sw Endomorphism PMwTA|V , obtained by projecting the
weighted output back to V .

0.3

Ww(KA) Weighted diagonal integral
∫

X w(x)KA(x, x) dµ(x) =
tr(Sw).

0.3
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